INTRODUCTION
Nanocomposites promise to be a class of materials with tunable and novel properties, and have therefore been at the center of considerable research efforts both in optics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and other fields [12] [13] [14] [15] . In optics, most of the attention has been directed towards high-refractive index coatings, which can for example be used to enhance the efficiencies of LEDs [11] .
However, nanocomposites are also an attractive class of materials for more complicated optical systems, e.g. imaging systems that contain a high number of optical elements and materials. The reason for this is that the optical properties of nanocomposites can be tailored by changing not only the constituent materials, but also the concentration, size, and shape of the nanoparticles. This would provide a significant benefit for optical systems, since the interplay of different aberrations critically depends on the material choice. In addition, constraints on the cost and manufacturability often further limit the available selection of materials. The choice and optimization of the materials is therefore one of the most important and difficult steps in optical design, and, in practice, relies on the optical designer's experience, trial and error, and discrete optimization.
The quantities that are commonly used in optical design to characterize the optical properties of a material are the refractive index d , where the subscript refers to the d-line ( d = 587.56 nm), the Abbe number ( d ) and partial dispersion ( g,F ), which are defined as [16] : 
where the subscripts again refer to the Fraunhofer lines ( g = 435.83 nm, F = 435.13 nm, and C = 656.27 nm). The definitions in equation (1) show that the Abbe number is a general measure of the material's overall dispersion in the visible regime, whereas the partial dispersion quantifies the amount of dispersion at wavelengths on the blue side of the spectrum. The Abbe number consequently characterizes the amount of chromatic aberration a single optical element introduces, whereas the partial dispersion is needed to quantify the residual chromatic aberrations of more complicated optical systems [16] . Other examples of how the material choice affects the amount of aberrations are that the amount of spherical aberration is reduced, if a material with a higher refractive index is used, or that the Petzval field curvature can be minimized by combining materials with high and low refractive indices [16] . However, in reality, only a specific region of combinations of d , d , and g,F is accessible, since there is a fundamental connection between the magnitude of the refractive index and the amount of dispersion [17] . A problem, which is even exacerbated if the application or fabrication technique relies on a limited choice of materials, as is, for example, the case in 3D printing [18] [19] [20] . In this paper we therefore investigate, if nanocomposites can be used to overcome some of these limitations, and provide a platform with tunable optical properties.
This paper is organized as follows: to show how customized nanocomposites can be designed and optimized, we will first give a summary on effective medium theories that are suitable for the modelling of nanocomposites. We give a thorough introduction into this area, since a plethora of different effective medium theories has been published, and it can often be confusing to choose the correct effective medium theory, and determine the conditions under which it is valid. Furthermore, a look at the derivation of the effective medium theories also provides valuable information, as to how nanocomposites have to be designed to make them suitable for optics. In the second part, we will then show that due to the intrinsic heterogeneity of nanocomposites, different effective medium regimes have to be distinguished, and discuss that optical nanocomposites can only be realized in a specific parameter range. Finally, we will briefly investigate the potential of such materials for optical system design.
MODELLING OF NANOCOMPOSITES

Effective mediums and the Clausius-Mossoti equation
An effective medium is a material that consists of two or more distinguishable components, but whose optical properties can nevertheless be described by an (effective) refractive index. Effective medium theories have been developed to model the properties of such materials. For the design of tailored composite materials, these theories are indispensable tools that complement conventional optical design software packages, which are based on ray optics, and can therefore only be used to optimize the material's refractive index, Abbe number, and partial dispersion. Since such a treatment doesn't account for wave optical effects, effective medium theories have to be used to determine how a nanocomposite has to be designed in terms of the materials, shapes, concentrations, and particle sizes so that it also fulfills all requirements. Over the last few decades a multitude of different effective medium theories has been developed [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . These theories, in general, can be classified into two categories [25] : Firstly, the ones that deal with so-called "separated-grain structures", in which a high number of inclusions are randomly distributed in a host medium, and the host and the inclusions can consequently be clearly distinguished. These types of mediums can be modeled using Maxwell-Garnett-type theories [25] . In contrast, in the second case, the "aggregate structures", a clear identification of one material as the host and another material as the inclusions is not possible, and the two materials randomly occupy certain volumes in space. Materials in this regime can be treated using Bruggeman's model [25] . In this paper, we focus on the former case, which is applicable when nanoparticles are dispersed in a host material. But our analysis can be straightforwardly extended to aggregate-type materials. Figure 1 . Schematic of an effective medium with a separated-grain structure, in which distinct particles are randomly dispersed in a homogenous host with permittivity ϵh. The local electric field (Eloc), which is identical to the external field (Eext) for perfectly randomly distributed nanoparticles, polarizes the inclusions. The macroscopic field (E) is smaller than Eext due to the dipole fields from the inclusions.
To discuss the potential and limitations of Maxwell-Garnett-type effective medium theories, it is important to understand the approximations on which they are based. To this end, we will briefly discuss their derivation. The general geometry we consider for this purpose is depicted in fig. 1 : Inclusions, which we will later require to be spherical, are embedded in a host. We assume the host to form a homogenous background, in that its optical properties can be described by a dielectric function (ϵh(λ)). If now an external electric field Eext is applied, it induces an electromagnetic response in the inclusions that, in general, can be written as a multipole expansion including all electric and magnetic multipoles. However, if we require the particles to be very small compared to the wavelength, the higher order multipoles can be neglected, and only the electric dipole term has to be considered [23] . This restriction will be lifted to some extend later on, where we also include the magnetic dipole term. In the electric dipole limit, the total polarization ( ) of the inclusions in a unit volume can consequently be written as
where is the dipole moment of the i-th dipole, N is the number density (particle concentration) of the inclusions, 〈 〉 is the average dipole moment per inclusion, α is the dipole polarizability, and 〈 〉 is the average local field at the positions of the inclusions. However, within a macroscopic volume, the fields of the inclusions oppose the external field and the macroscopic field E in the composite medium is therefore smaller than Eext. An expression for this macroscopic field E, which is the field that has to be substituted into the macroscopic Maxwell's equations in case of a composite medium, can be obtained by averaging the local field over a volume that is small compared to the wavelength, but contains a high number of inclusions. The result of this averaging procedure reads:
where we introduced the volume fraction = 4 3 ⁄ ( inc 2 ⁄ ) 3 , and assumed the particles to be spherical (diameter dinc). If we now assume a perfectly random distribution, it can be shown that the contributions to the local field at the position of one particular particle from all other particles cancel out, so that the average local field is identical to the external field (〈 〉 = 〈 〉) [32] . This also holds true for particles arranged in a simple cubic lattice, but it is straightforward to see that this assumption breaks down if there is a correlation between the positions of the inclusions, for example due to agglomeration. The fact that 〈 〉 = 〈 〉 is valid for a perfectly random distribution is also the reason why the effective medium theories remain accurate in the case of multiple scattering up to surprisingly large volume fractions. However, there are certain limits to the theories' accuracy at very high volume fractions, since impenetrable nanoparticles with a finite volume can never be perfectly dispersed (f > 20 %) [33] .
To derive an expression for the effective permittivity of the composite material, the microscopic description outlined so far has to be combined with the macroscopic expression for the total polarization of a finite volume V. To this end, the total polarization can be written as = [( eff − h )/4 ] , where eff is the effective permittivity of the composite medium. By combining this expression with its microscopic equivalent and making use of equation (2), we now arrive at the Clausius-Mossoti (CM) equation for inclusions in a homogenous host:
which connects the (microscopic) polarizability of the inclusions to the (macroscopic) effective permittivity of the composite material. This expression itself is already an effective medium theory, and is the foundation of all MaxwellGarnett-type theories.
The limits of the concept of an "effective optical medium"
The above derivation highlights that, in general, any material is made up of a multitude of scatters, and it would therefore be necessary to deal with a multibody scattering problem. However, it can be shown rigorously that this multibody problem, can macroscopically be reduced to a scalar refractive index if the scatterers in the material act as ideal dipoles, and form a homogenous distribution on the scale of the wavelength [29, 36] . Microscopically this can be explained by the fact that the radiation from individual scatters interferes in such a way that a plane wave in such a material simply propagates at a lower speed than in vacuum, while its shape remains unaffected [36] . This allows to determine the macroscopic electromagnetic fields both inside and outside of the material for any source field using the well known macroscopic boundary conditions [37] .
To overcome the limitation to dipolar scatterers for the description of nanocomposites, one might be tempted to include higher orders in the multipole expansion. However, one should keep in mind that this complicates the propagation of electromagnetic waves in the medium. This can be seen if one considers that the electric displacement (D) for a medium with a quadrupole component in (ω,r)-space reads [38] [39] [40] :
where Q is the quadrupole tensor, which itself is a function of ∇E [40, 41] . In Fourier-space these spatial derivatives can be replaced by a simple scalar product with the wave vector k, which makes it possible to define a permittivity [39, 40] :
This shows, that a medium with a quadrupole component is characterized by a k-dependent permittivity ( , ), and hence also a k-dependent refractive index ( , ). This, in turn, leads to spatial dispersion (non-local effects). Moreover, the validity of equations (4) and (5) again relies on the scatterers forming a homogenous distribution. However, this assumption is clearly violated for actual nanoparticles that exhibit a significant quadrupole component, since they are no longer much smaller than the wavelength, and the number of nanoparticles per volume λ 3 consequently fluctuates heavily around the mean. This leads to incoherent scattering [23] . This is why such a medium should be considered as "heterogeneous" [42] . This demonstrates that composite mediums in general should only be referred to as a real "effective medium" if the material fulfils both the homogeneity, and the dipole requirements.
The original Maxwell-Garnett-theory
The final step in the derivation of the original Maxwell-Garnett (MG) theory is to obtain an expression for the polarizability (α) in terms of the constituents' permittivities. In the point dipole limit, this can be done in the so-called quasistatic approximation, in which the field is assumed to be constant across the particle. In this limit, the polarizability can be determined by solving Laplace's equation both inside and outside the particle, and enforcing the appropriate boundary conditions [32] . The results reads:
This expression, however, it is only valid for particles for which retardation, i.e. the phase difference across the particle, is negligible, and which consequently act as point dipoles.
Going beyond the quasistatic limit
To lift the restriction to point dipole scatterers, and thus include particles with larger dimensions, it is necessary to leave the quasistatic regime. To this end, an extension to original MG theory is required. For spherical particles this can be done using Mie theory, which gives the rigorous solution for the electromagnetic fields in and around a sphere. Mie theory, in general, expresses the electromagnetic response of a sphere as a multipole expansion [23] . Since Mie theory is a rigorous solution, this allows to determine the full dipole polarizability outside of the quasistatic limit directly from the dipole term of the expansion [22] :
where 1 is the first order Mie coefficient, which is a function of the size parameter = h inc ⁄ , and the relative refractive index = inc h = √ inc √ h ⁄ ⁄
. By substituting this expression into the CM equation (equation (3)) we obtain the so-called Maxwell-Garnett-Mie theory. Note, that by expanding equation (7) into orders of the size parameter, and neglecting all but the first term, one arrives back at the quasistatic expression (equation (6)). This illustrates that the higher order terms in the expansion account for retardation within the dipole term.
So far we've only considered the electric dipole terms, and discussed that if higher order electric multipoles contribute to the nanoparticles' response the medium is no longer an "effective optical medium". The magnetic dipole, however, can be easily incorporated into the effective medium framework, by considering that the presence of magnetic dipole radiation leads to non-unity permeability:
The refractive index then readily follows from = √ . This, in principle, would allow to design an "effective magnetic material", even if all constituents are non-magnetic [42] . Microscopically the existence of the magnetic component is caused by the presence of circular displacement currents around the nanoparticles [43] . Note, however, that in order for the light to couple to the magnetic dipole mode, a certain amount of retardation is necessary.
Limitations of Maxwell-Garnett-type theories for small particles
Both the quasistatic and the Mie expressions for the polarizability are only valid, as long as the optical properties of the inclusions can be described by a permittivity. This limits the applicability of both theories in the small particle limit, since the permittivity is a macroscopic quantity that is obtained by averaging over a volume that contains a large number of atoms/molecules, yet is small compared to the wavelength [36] . Furthermore, it has to be kept in mind that in the singledigit nanometer range, where the nanoparticles still consist of a sufficiently large number of atoms for the permittivity to still be well defined, the permittivity depends on the particle size. In fact, it is well known from both experimental and theoretical studies that for dielectric particles quantum confinement starts to affect the permittivity at radii in the order of the exciton Bohr radius [44] . This, in general, leads to a widening of the electronic gap [45] , and therefore to a reduction of the refractive index (for photon energies below the band gap). In contrast to purely dielectric particles, the permittivity of metallic nanoparticles, also depends dominantly on the contribution from free electrons. Due to surface scattering, this contribution also exhibits a size-dependence, which has to be considered for particle sizes in the order of the conduction electrons' mean free path. This leads to an increased amount of electron scattering, which can be accounted for by introducing a size dependent damping rate [46] : 
where ωp and γ0 are the plasma frequency, and the damping constant of the bulk material respectively, vf is the Fermi velocity, and A is a proportionality factor. The second term in this expression corresponds to the Drude permittivity for free electrons with a reversed sign. This provides an intuitive interpretation of equation (10), namely that the expression replaces the contribution from the free electrons in the bulk material, by a free electron contribution whose damping rate is increased due to surface scattering.
EFFECTIVE MEDIUM REGIMES
Regime classification
As already discussed, the concept of a conventional refractive index is based on the assumptions that the individual scatters are dipoles, and form a homogenous distribution on the scale of the wavelength. A violation of these requirements, in case of composite materials, manifests itself macroscopically in the onset of incoherent scattering. In this section we will discuss that this fundamental connection between particle size and scattering necessitates the distinction of different effective medium regimes, and limits the validity of the concept of an effective refractive index for composite materials containing larger inclusions.
In general, the use of a refractive index implies that plane waves retain their shape as they propagate through the material (see sec. 2.2) and are only attenuated because of absorption. For conventional, homogenous optical materials, the imaginary part of the refractive index can hence be used to predict both the transmission through, as well as the absorption/heating rate within the medium. However, this only remains true for composite materials, if the inclusions are small enough for scattering to be negligible, which is only the case if the fundamental assumptions of homogeneity and dipolarity are not violated. If these conditions are fulfilled, the material is an "unrestricted effective mediums", in that the effective refractive index of such a material can be used with the same validity as the one of a conventional optical material (table 1) [42] . In this regime, the effective refractive index consequently still allows determining the macroscopic fields both inside and outside of the material using Snell's law and the Fresnel equations.
In contrast, if scattering plays a role, absorption will no longer be the only mechanism that removes energy from a beam of light, and it is straightforward to see that an effective refractive index can no longer be used to determine the distribution of the electromagnetic fields. Such an effective refractive index therefore provides no information about the appearance of the material: a high imaginary part could imply that the material appears black due to absorption, or milky because of scattering. However, if scattering represents only a small slow perturbation, and the beam retains its directionality over a certain distance, it can still be useful to define an "effective refractive index" to describe the behavior of the coherent part of the beam [24] . In this regime, the real part of the effective refractive index can still be used in Snell's law to determine beam's direction, whereas the imaginary part only provides information about how much energy remains within the beam and not about the microscopic origin of the losses. This is why such a material is a "restricted effective medium", in the sense that the effective refractive index only has a restricted validity (table 1) [42] .
Finally, if there is a large amount of scattering, and a beam of light loses its directional character within short propagation distances, the material enters the "heterogenous regime" (table 1) . In this regime, the concept of an effective refractive index no longer as any validity (sec. 2.2). As already discussed this regime is reached for nanocomposites if high order multipoles contribute to the nanoparticles' response. Furthermore, in practice, the regime of a certain nanocomposite is not only determined by the particle size, but also by the blending of the nanoparticles into the host matrix. If the nanoparticles are not perfectly integrated into the molecular structure of the host, the homogeneity requirement will also be violated, and large amount of scattering will be the consequence. Table 1 . Different effective medium regimes. The regime a nanocomposite is located in mainly depends on the particle size. But agglomeration or a non-ideal blending of the nanoparticles into the host can also lead to scattering, and therefore move a material into the restricted or heterogeneous regimes.
Unrestricted effective medium regime
Restricted effective medium regime
Heterogeneous regime
• No scattering
• neff can be used without limitations
• Scattering plays a role
• neff only describes behavior of coherent part of beam → Can't be used to predict appearance
• High amount of scattering
• The concept of a refractive index is no longer valid
• Higher order multipoles contribute for nanocomposites
Requirements on optical nanocomposites and regime boundaries
To ensure a high image quality, optical imaging systems require materials that are free of scattering, since stray light significantly affects image quality. To make nanocomposites suitable for such applications, it is therefore critical that they are designed and fabricated as "unrestricted effective mediums". To elucidate at what particle size scattering starts to play a role, we, in this section, analyze the transition from the unrestricted to the restricted effective medium regime, using the effective medium theories introduced in sec. 2.
As already discussed, the original Maxwell-Garnett effective medium theory operates in the quasistatic dipole limit, and therefore does not account for scattering losses (equation (6)). The Maxwell-Garnett-Mie theory, in contrast, can predict scattering losses to a certain degree, since it is based on the full dipole polarizability (equation (7)). To investigate at what particle size scattering starts to affect the material properties, fig. 2 depicts the transmission of a beam of light through a 1 mm thick slab of a ZrO2 nanocomposite at a volume fraction of 20% and different particle sizes. We chose ZrO2 because it is a widely investigated system that can be mass-produced [9, 10] . The transmission curves in fig. 2 comprise both the results from the original Maxwell-Garnett theory (dotted line), and the Maxwell-Garnett-Mie theory with the magnetic dipole term (solid lines). To ensure comparability, we did not account for the size dependence of the permittivity. The figure shows that the original Maxwell-Garnett theory predicts the losses to be negligible, which illustrates that absorption does not play a role in this system, since this theory does not account for scattering losses. However, the fact that the results from the Maxwell-Garnett-Mie theory deviate from that the ones from the original theory even at particle sizes as small as 2 nm, illustrates that the quasistatic approximation is only valid for particle sizes below 2 nm. Furthermore, the drastic dependence of the transmission on the particle size demonstrates that scattering starts to severely affect the system's properties even at particle sizes as small as 4 nm. This shows that high-quality nanocomposites, which can be used in optical elements with a thickness of several millimeters or more, have to contain nanoparticles which are (significantly) smaller than 4 nm. This particle size consequently defines the upper boundary of the "unrestricted effective medium regime". Figure 2 . Transmission through a 1 mm thick slab of a ZrO2-nanocomposite in PMMA. The dotted line corresponds to the results from the original Maxwell-Garnett theory, whereas the results at different particle sizes were obtained from the Maxwell-Garnett-Mie theory with the dipole magnetic dipole contribution. It can be seen that scattering causes the transmission to decrease at particle sizes around 4nm.
BENEFITS OF OPTICAL NANOCOMPOSITES
The existence of the "unrestricted effective medium regime", in which scattering does not play a role proofs that it is possible to design nanocomposites that are suitable for imaging applications. To evaluate the potential of this approach for optical system design, we dedicate this section to a brief discussion of its benefits for optical systems.
To illustrate how nanocomposites can be used to tune the optical properties, Fig. 3 depicts d and d as a function of the volume fraction for the ZrO2 nanocomposite investigated in the previous section. The figure demonstrates that adding the nanoparticles into the polymer significantly changes both quantities, and allows adjusting them continuously along a trajectory that is defined by the constituent materials. Furthermore, the refractive indices that are achieved at high concentrations are significantly higher the ones of conventional polymers. Especially the combination of a high refractive index, and a relatively large Abbe number cannot be achieved with conventional polymers [47] . Since, in principle, different nanoparticle materials can be combined with different hosts, developing a material platform comprising different nanoparticle materials and hosts would consequently allow accessing new refractive index regimes, and tuning the optical properties continuously over a relatively broad range. Within this range, it would be possible to treat the optical properties as free parameters in optical design, and optimize them for the application at hand. To demonstrate the potential of this approach on the example of a simple prototype system, fig. 4 depicts the designs of a = 4 mm lens with an aperture size of = 4 mm both with and without a nanocomposite material. For the reference design without nanoparticles, we used normal PMMA, whereas we again chose the ZrO2/PMMA nanocomposite at a volume fraction of = 35% for the design with the nancomposite material. The optical properties of both materials can be directly obtained from fig. 3 at volume fractions of 0% and 35%, respectively. The comparison of the designs illustrate that adding the nanoparticles leads to a significant volume reduction (28%), and a drastic increase of the performance. The reason for the improved performance is the reduced amount of spherical aberration, which manifests itself in a reduction of the spot radius from 278 µm to 124 µm (RMS). 
SUMMARY AND CONCLUSION
In this paper, we have discussed that effective medium theories are powerful tools that cannot only be used to predict, and optimize the optical properties, but also provide fundamental information about how a nanocomposite has to be designed to fulfill the high transparency requirements on optical materials. This analysis has shown that different effective medium regimes have to be distinguished, and that highly transparent optical nanocomposites can only be realized in a specific range, the "unrestricted effective medium regime". Furthermore, we have shown that the use of nanocomposites as optical materials provides a new degree of freedom for optical design, and allows accessing new refractive index regimes. This provides the possibility of tailoring the optical properties of the materials to the optical system at hand, which can potentially increase its performance, while simultaneously reducing its size.
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